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Multiple solutions;
Three critical points theo-
rem;
Kirchhoff type systemAbstract In this paper, we establish the existence of at least three solutions for the following non-
local elliptic system of ðp; qÞ-Kirchhoff type  M1
R
X jrujpdx
  p1
Dpu ¼ kFuðx; u; vÞ þ lGuðx; u; vÞ
in X;  M2
R
X jrvjqdx
  q1
Dqv ¼ kFvðx; u; vÞ þ lGvðx; u; vÞ in X; u ¼ v ¼ 0 on @X. Our technical
approach is based on the three critical points theorem of Ricceri.
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ª 2014 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.1. Introduction
In this article, we are concerned with the following nonlocal
elliptic system of ðp; qÞ-Kirchhoff type
 ½M1ð
Z
X
jrujpdxÞ
p1
Dpu ¼ kFuðx; u; vÞ þ lGuðx; u; vÞ in X;
 ½M2ð
Z
X
jrvjqdxÞ
q1
Dqv ¼ kFvðx; u; vÞ þ lGvðx; u; vÞ in X;
u ¼ v ¼ 0 on @X;
ð1:1Þwhere p > N; q > N; X  RNðNP 1Þ is a bounded smooth
domain, k; l 2 ð0;þ1Þ andMi : Rþ ! R are continuous func-
tions with the following bounded conditions.
(M) There are two positive constants m0;m1 such that
m0 6MiðtÞ 6 m1; for all tP 0; ði ¼ 1; 2Þ: ð1:2Þ
Furthermore, F;G : X R2 ! R are functions such that
Fðx; s; tÞ;Gðx; s; tÞ are measurable in x for all ðs; tÞ 2 R2 and
Fðx; s; tÞ;Gðx; s; tÞ are C1 in ðs; tÞ for a.e. x 2 X, with
Fðx; 0; 0Þ ¼ 0 for a.e. x 2 X, and Fu;Gu denote the de partial
derivatives of F;G respectively, with respect to u. We assume
that Fðx; s; tÞ and Gðx; s; tÞ satisfy the following conditions.
(F)
sup
jsj6r;jtj6r
ðjFuð:; s; tÞj þ jFvð:; s; tÞjÞ 2 L1ðXÞ; for all r > 0:
(F1) There exist two positive constants c < p; b < q and a
positive real function a 2 L1ðXÞ such that
38 M. Massar, M. TalbijFðx; s; tÞj 6 aðxÞð1þ jsjc þ jtjbÞ; for a:e: x
2 X and all ðs; tÞ 2 R2 ð1:3Þ
(G)
sup
jsj6r;jtj6r
ðjGuð:; s; tÞj þ jGvð:; s; tÞjÞ 2 L1ðXÞ; for all r > 0:
ð1:4Þ
The problem (1.1) is related to the stationary problem of a
model introduced by Kirchhoff [1]. More precisely, Kirchhoff
introduced a model given by the following equation
q
@2u
@t2
 q0
h
þ E
2L
Z L
0
@u
@x
 2dx
 !
@2u
@x2
¼ 0; ð1:5Þ
which extends the classical D’Alembert’s wave equation by
considering the effects of the changes in the length of the
strings during the vibrations. Many authors studied the follow-
ing nonlocal elliptic boundary value problem
M
Z
X
jruj2dx
 
Du ¼ fðx; uÞ in X; u ¼ 0 on @X: ð1:6Þ
Problems like (1.6) can be used for modeling several physical
and biological systems where u describes a process which de-
pends on the average of it self, such as the population density,
see [2]. Many interesting results for problem of Kirchhoff type
were obtained, see for example [2–6] and the references therein.
The study of Kirchhoff type equations has already been ex-
tended to the case involving the p-Laplacian, see [7–11] and
the references therein. In the present paper, we study the
ðp; qÞ-Kirchoff system (1.1), we prove the existence of at least
three solutions for problem (1.1). Our approach is based on
the three critical points theorem of Ricceri, where the well-
known form is due to Pucci-Serrin [13,14].
Denote X :¼ W1;p0 ðXÞ W1;q0 ðXÞ, which is a reﬂexive Ba-
nach space endowed with the norm
jjðu; vÞjj ¼ jjujjp þ jjvjjq;
where jjujjp ¼
R
X jrujpdx
 1=p
and jjvjjq ¼
R
X jrvjqdx
 1=q
. Let
K ¼ max sup
u2W1;p
0
ðXÞnf0g
max
x2X
juðxÞjp
jjujjpp
; sup
v2W1;q
0
ðXÞnf0g
max
x2X
jvðxÞjq
jjvjjqq
8<:
9=;:
ð1:7Þ
Since p > N and q > N; W1;p0 ðXÞ and W1;q0 ðXÞ are compactly
embedded in CðXÞ, and hence K <1.
We say that ðu; vÞ 2 X is a weak solution of problem (1.1) if
M1
Z
X
jrujpdx
 	 
p1 Z
X
jrujp2rurudx
þ M2
Z
X
jrvjqdx
 	 
q1 Z
X
jrvjq2rvrwdx
 k
Z
X
Fuðx; u; vÞudx k
Z
X
Fvðx; u; vÞwdx
 l
Z
X
Guðx; u; vÞudx l
Z
X
Gvðx; u; vÞwdx
¼ 0; ð1:8Þ
for all ðu;wÞ 2 X. Deﬁne the functional J : X! R given byJðu; vÞ ¼ 1
p
dM1 Z
X
jrujpdx
 
þ 1
q
dM2 Z
X
jrvjqdx
 
 k
Z
X
Fðx; u; vÞdx l
Z
X
Gðx; u; vÞdx; ð1:9Þ
where
dM1ðtÞ ¼ Z t
0
½M1ðsÞp1ds; dM2ðtÞ ¼ Z t
0
½M2ðsÞq1ds: ð1:10Þ
By assumptions ðMÞ; ðFÞ and ðGÞ, it is standard to see that
J 2 C1ðX;RÞ, and a critical point of J corresponds to a weak
solution of problem (1.1).
Now, let x0 2 X and choosing R2 > R1 > 0 such that
Bðx0;R2Þ#X, where Bðx0;R2Þ ¼ fx 2 RN=jx x0j < R2g. Set
h1 ¼ h1ðN; p;R1;R2Þ ¼
K
1
p RN2  RN1
 1
p
R2  R1
p
N
2
C 1þ N
2
  !1p
h2 ¼ h2ðN; q;R1;R2Þ ¼
K
1
q RN2  RN1
 1
q
R2  R1
p
N
2
C 1þ N
2
  !1q;
ð1:11Þ
where Cð:Þ is the gamma function. Denote
Mþ ¼ max m
p1
1
p
;
mq11
q
( )
; M ¼ min m
p1
0
p
;
mq10
q
( )
:
ð1:12Þ
Our main results are the following theorems.
Theorem 1.1. Assume that ðMÞ; ðFÞ; ðF1Þ and ðGÞ hold, and
there exist two positive constant a; b with ðah1Þp þ ðah2Þq > bMþM
such that
ðF2Þ Fðx; s; tÞP 0 for a.e. x 2 X n Bðx0;R1Þ and all
ðs; tÞ 2 ½0; a  ½0; a,
ðF3Þ½ðah1Þp þ ðah2ÞqjXjsupðx;s;tÞ2XAFðx; s; tÞ < b
R
Bðx0;R1Þ
Fðx; a; aÞdx, where A ¼ ðs; tÞ 2 R2=jsjp þ jtjq 6 bMþM
n o
.
Then there exist an open interval K# ½0;þ1Þ and a positive
real number q with the following property, for each k 2 K, there
exists d > 0 such that for each l 2 ½0; d, problem (1.1) has at
least three solutions whose norms in X are less than q.
In the next result, we consider the case N ¼ 1; p; q > 1;
X ¼0; 1½; F : R2 ! R is C1 function, with Fð0; 0Þ ¼ 0, and sat-
isﬁes(F4) There exist three positive constants c < p; b < q and
d such that
jFðs; tÞj 6 dð1þ jsjc þ jtjbÞ; for all ðs; tÞ 2 R2: ð1:13Þ
Consider the following problem
 M1
Z 1
0
ju0jpdx
 	 
p1
ðju0jp2u0Þ0 ¼ kFuðu; vÞ
þ lGuðx; u; vÞ in 0; 1½;
 M2
Z 1
0
jv0jqdx
 	 
q1
ðjv0jq2v0Þ0 ¼ kFvðu; vÞ
þ lGvðx; u; vÞ in 0; 1½;
uð0Þ ¼ uð1Þ ¼ vð0Þ ¼ vð1Þ ¼ 0:
ð1:14Þ
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exist two positive constants a; b with K2 ½ð4aÞp þ ð4aÞq > bM
þ
M
such that
ðF5Þ Fðs; tÞP 0 for all ðs; tÞ 2 ½0; a  ½0; a,
ðF6Þ K2 ½ð4aÞp þ ð4aÞqsupðs;tÞ2AFðs; tÞ < bFða; aÞ, where
A ¼ ðs; tÞ 2 R2=jsjp þ jtjq 6 bMþM
n o
.
Then there exist an open interval K# ½0;þ1Þ and a positive
real number q with the following property, for each k 2 K, there
exists d > 0 such that for each l 2 ½0; d, problem (1.14) has at
least three solutions whose norms in X are less than q.2. Proof of main results
We recall the modiﬁed form of Ricceri’s three critical points
theorem (Theorem 1 in [12]) and Proposition 3.1 in [15] (see
also [16])
Theorem 2.1 [12], Theorem 1. Let X be a reﬂexive real Banach
space. U : X ! R is a continuously Gaˆteaux differentiable and
sequentially weakly lower semicontinuous functional whose
Gaˆteaux derivative admits a continuous inverse on X and U is
bounded on each bounded subset of X; W : X ! R is a contin-
uously Gaˆteaux differentiable functional whose Gaˆteaux deriv-
ative is compact, I#R an interval. Assume that
lim
jjujj!1
ðUðuÞ þ kWðuÞÞ ¼ þ1;
for k 2 I, and that there exists h 2 R such that
sup
k2I
inf
u2X
ðUðuÞ þ kðWðuÞ þ hÞÞ
< inf
u2X
sup
k2I
ðUðuÞ þ kðWðuÞ þ hÞÞ: ð2:1Þ
Then there exists an open interval K# I and a positive real num-
ber q with the following property, for every k 2 K and every C1-
functional T : X! R with compact derivative, there exists d > 0
such that for each l 2 ½0; d the equation
U0ðuÞ þ kW0ðuÞ þ lT0ðuÞ ¼ 0
has at least three solutions in X whose norms are less than q.
Proposition 2.2 [15], Proposition 3.1. Let X be a nonempty set
and U;W two real functions on X. Assume that there are r > 0
and u0; u1 2 X such that
Uðu0Þ ¼ Wðu0Þ ¼ 0; Uðu1Þ > r; sup
u2U1ð1;rÞ
WðuÞ
< r
Wðu1Þ
Uðu1Þ : ð2:2Þ
Then for every h satisfying
sup
u2U1ð1;rÞ
WðuÞ < h < rWðu1Þ
Uðu1Þ ;
one has
sup
kP0
inf
u2X
ðUðuÞ þ kðWðuÞ þ hÞÞ < inf
u2X
sup
kP0
ðUðuÞ þ kðWðuÞ þ hÞÞ:Lemma 2.3. Assume that ðMÞ; ðFÞ and ðGÞ hold. Let
Uðu; vÞ ¼ 1
p
dM1 Z
X
jrujpdx
 
þ 1
q
dM2 Z
X
jrvjqdx
 
;
Wðu; vÞ ¼ 
Z
X
Fðx; u; vÞdx; Tðu; vÞ ¼ 
Z
X
Gðx; u; vÞdx;
ð2:3Þ
for all ðu; vÞ 2 X. Then
ðiÞ U is a continuously Gaˆteaux differential and sequentially
weakly lower semicontinuous whose Gaˆteaux derivative
admits a continuous inverse on X . Moreover U is bounded
on each bounded subset of X.
ðiiÞ W and T are continuously Gaˆteaux differential whose
Gaˆteaux derivatives are compact.Proof. For ðiÞ, see Lemma 2.3 in [8].
ðiiÞ Since p; q > N, by ðFÞ and ðGÞ, it is well known that W
and T are well deﬁned and continuously Gaˆteaux
differentiable whose Gaˆteaux derivatives at point ðu; vÞ 2 X
are given by
hW0ðu; vÞ; ðu;wÞi ¼ 
Z
X
Fuðx; u; vÞudx
Z
X
Fvðx; u; vÞwdx;
hT0ðu; vÞ; ðu;wÞi ¼ 
Z
X
Guðx; u; vÞudx
Z
X
Gvðx; u; vÞwdx;
for all ðu;wÞ. Now, we prove that W0 is compact. Indeed, let
ðun; vnÞ* ðu; vÞ weakly in X. Then ðun; vnÞ ! ðu; vÞ in
CðXÞ  CðXÞ. Since Fðx; :; :Þ is C1 in R2 for a.e.
x 2 X; Fuðx; un; vnÞ ! Fuðx; u; vÞ and Fvðx; un; vnÞ ! Fvðx; u; vÞ.
Since ðunÞ and ðvnÞ are bounded in CðXÞ, it follows from ðFÞ
and Lebesgue control convergence theorem that
W0ðun; vnÞ ! W0ðu; vÞ strongly. So W0 is compact. Similarly T0
is compact. h
Lemma 2.4. Assume that ðMÞ and ðF2Þ  ðF3Þ hold. Then there
exists ðu1; v1Þ 2 X such that
Uðu1; v1Þ > r;
jXj sup
ðx;s;tÞ2XA
Fðx; s; tÞ < r
R
X Fðx; u1; v1Þdx
Uðu1; v1Þ ;
ð2:4Þ
where r ¼ bMþ
K
and A ¼ ðs; tÞ 2 R2=jsjp þ jtjq 6 bMþ
M
 
.
Proof. Let
w0ðxÞ ¼
0; x 2 X n Bðx0;R2Þ
a
R2R1 R2 
XN
i¼1
ðxi  xi0Þ2
 !1
2
24 35; x 2 Bðx0;R2Þ n Bðx0;R1Þ
a; x 2 Bðx0;R1Þ
8>>><>>>:
ð2:5Þ
and u1 ¼ v1 ¼ w0. Then ðu1; v1Þ 2 X and
jju1jjpp ¼
ðah1Þp
K
; jjv1jjqq ¼
ðah2Þq
K
: ð2:6Þ
By ðMÞ, it follows that
40 M. Massar, M. TalbiUðu1; v1ÞPMðjju1jjpp þ jjv1jjqqÞ ¼
M
K
½ðah1Þp þ ðah2Þq
>
M
K
bMþ
M
¼ r: ð2:7Þ
Clearly, we have 0 6 u1 6 a and 0 6 v1 6 a. The conditions
ðF2Þ and ðF3Þ imply
jXj sup
ðx;s;tÞ2XA
Fðx; s; tÞ < bðah1Þp þ ðah2Þq

Z
Bðx0 ;R1Þ
Fðx; a; aÞdx
¼ bM
þ
K
R
Bðx0 ;R1Þ Fðx; u1; v1Þdx
Mþðjju1jjpp þ jjv1jjqqÞ
6 r
R
X Fðx; u1; v1Þdx
Mþ jju1jjpp þ jjv1jjqq
  : ð2:8Þ
Since Uðu1; v1Þ 6Mþ jju1jjpp þ jjv1jjqq
 
, it follows from (2.8)
that
jXj sup
ðx;s;tÞ2XA
Fðx; s; tÞ < r
R
X Fðx; u1; v1Þdx
Uðu1; v1Þ : ð2:9Þ
h
Proof of Theorem 1.1. By ðMÞ and ðF1Þ, for each ðu; vÞ 2 X,
we have
Uðu; vÞ þ kWðu; vÞ ¼ 1
p
dM1 Z
X
jrujpdx
 
þ 1
q
dM2 Z
X
jrvjqdx
 
 k
Z
X
Fðx; u; vÞdxPM
jjujjpp þ jjvjjqq
 
 k
Z
X
aðxÞð1þ jujc þ jvjbÞdxPM
jjujjpp þ jjvjjqq
 
 kjjajj1 jXj þ C1jjujjcp þ C2jjvjjbq
 
; ð2:10Þ
where C1;C2 > 0. Since c < p and b < q,
lim
jjðu;vÞjj!1
Uðu; vÞ þ kWðu; vÞ ¼ þ1: ð2:11Þ
Let ðu; vÞ 2 X such that Uðu; vÞ 6 r, from (1.7), we obtain
sup
x2X
fjuðxÞjp þ jvðxÞjqg 6 K jjujjpp þ jjvjjqq
 
6 K
M
Uðu; vÞ 6 Kr
M
¼ bM
þ
M
: ð2:12Þ
So, it follows from (2.4) and (2.12) that
sup
ðu;vÞ2U1ð1;rÞ
Wðu;vÞ¼ sup
fðu;vÞ=Uðu;vÞ6rg
Z
X
Fðx;u;vÞdx
6 sup
ðu;vÞ=supx2XfjuðxÞjpþjvðxÞjqg6bMþMf g
Z
X
Fðx;u;vÞdx
6
Z
X
sup
ðs;tÞ2A
Fðx;s;tÞdx6 jXj sup
ðx;s;tÞ2XA
Fðx;s;tÞ
< r
R
XFðx;u1;v1Þdx
Uðu1;v1Þ ; ð2:13Þ
and hence
sup
ðu;vÞ2U1ð1;rÞ
Wðu; vÞ < r
R
X Fðx; u1; v1Þdx
Uðu1; v1Þ : ð2:14ÞNow, ﬁx h such that
sup
ðu;vÞ2U1ð1;rÞ
Wðu; vÞ < h < rWðu1; v1Þ
Uðu1; v1Þ :
Since Uð0; 0Þ ¼ 0, from (2.7), (2.14) and Proposition 2.2 with
ðu0; v0Þ ¼ ð0; 0Þ, we conclude
sup
kP0
inf
ðu;vÞ2X
ðUðu; vÞ þ kðWðu; vÞ þ hÞÞ < inf
ðu;vÞ2X
sup
kP0
ðUðu; vÞ
þ kðWðu; vÞ þ hÞÞ: ð2:15Þ
Hence, with I ¼ ½0;þ1Þ, by (2.11) and (2.14), all conditions of
Theorem 2.1 are satisﬁed, and the desired result follows from
Theorem 2.1. This completes the proof of Theorem 1.1. h
Proof of Theorem 1.2. Let
Uðu; vÞ ¼ 1
p
dM1 Z 1
0
ju0jpdx
 
þ 1
q
dM2 Z 1
0
jv0jqdx
 
;
Wðu; vÞ ¼ 
Z 1
0
Fðu; vÞdx; Tðu; vÞ ¼ 
Z 1
0
Gðx; u; vÞdx;
ð2:16Þ
for all ðu; vÞ 2 X :¼W1;p0 ð0; 1½Þ W1;q0 ð0; 1½Þ.
As in the above, by assumptions of Theorem 1.2, the results
of Lemma 2.3 hold. Moreover, from ðMÞ and ðF4Þ, we have
lim
jjðu;vÞjj!1
Uðu; vÞ þ kWðu; vÞ ¼ þ1: ð2:17Þ
Deﬁne
w0ðxÞ ¼
aþ 4a 1
4
 jx 1
2
j ; x 2 0; 1
4
  [ 3
4
; 1
 
a; x 2 1
4
; 3
4
 ( ð2:18Þ
and u1 ¼ v1 ¼ w0. Then ðu1; v1Þ 2 X and
jju1jjpp ¼
ð4aÞp
2
; jjv1jjqq ¼
ð4aÞq
2
: ð2:19Þ
Now, Let
r ¼ bM
þ
K
:
By the assumption ð4aÞ
p
2
þ ð4aÞq
2
> bM
þ
KM, we have
Uðu1;v1ÞPM jju1jjppþjjv1jjqp
 
¼M

2
½ð4aÞpþð4aÞq> r: ð2:20Þ
Hence
Uðu1; v1Þ > r > 0 ¼ Uð0; 0Þ: ð2:21Þ
Since 0 6 u1 6 a and 0 6 v1 6 a, it follows from ðF5Þ; ðF6Þ and
(2.19) that
sup
ðs;tÞ2A
Fðs; tÞ < b
K ð4aÞ
p
2
þ ð4aÞq
2
 Fða; aÞ
6 b
K
R 1
0
Fðu1; v1Þdx
jju1jjpp þ jjv1jjqq
  : ð2:22Þ
Let ðu; vÞ 2 X such that Uðu; vÞ 6 r. From (1.7), we have
sup
x20;1½
juðxÞjp 6 Kjjujjp and sup
x20;1½
jvðxÞjq 6 Kjjvjjq:
On a class of nonlocal elliptic systems of (p, q)-Kirchhoff type 41Therefore
sup
x20;1½
fjuðxÞjp þ jvðxÞjqg 6 Kðjjujjp þ jjvjjqÞ
6 K
M
Uðu; vÞ 6 Kr
M
¼ bM
þ
M
: ð2:23Þ
So, it follows from (2.22) and (2.23) that
sup
ðu;vÞ2U1ð1;rÞ
Wðu;vÞ¼ sup
fðu;vÞ=Uðu;vÞ6rg
Z 1
0
Fðu;vÞdx
6 sup
ðu;vÞ=supx20;1½fjuðxÞjpþjvðxÞjqg6bMþMf g
Z 1
0
Fðu;vÞdx
6
Z 1
0
sup
ðs;tÞ2A
Fðs; tÞdx6 sup
ðs;tÞ2A
Fðs; tÞ
<
bMþ
K
R 1
0
Fðu1;v1Þdx
Mþ jju1jjppþjjv1jjqq
 
6 r
R 1
0
Fðu1;v1Þdx
Uðu1;v1Þ ¼ r
Wðu1;v1Þ
Uðu1;v1Þ ; ð2:24Þ
and hence
sup
ðu;vÞ2U1ð1;rÞ
Wðu; vÞ < rWðu1; v1Þ
Uðu1; v1Þ : ð2:25Þ
Now, let us ﬁx h such that
sup
ðu;vÞ2U1ð1;rÞ
Wðu; vÞ < h < rWðu1; v1Þ
Uðu1; v1Þ :
By (2.21), (2.25) and Proposition 2.2 with ðu0; v0Þ ¼ ð0; 0Þ, we
obtain
sup
kP0
inf
ðu;vÞ2X
ðUðu; vÞ þ kðWðu; vÞ þ hÞÞ
< inf
ðu;vÞ2X
sup
kP0
ðUðu; vÞ þ kðWðu; vÞ þ hÞÞ: ð2:26Þ
Hence, with I ¼ ½0;þ1Þ, by (2.17) and (2.26), conditions of
Theorem 2.1 are satisﬁed, and our result follows from Theo-
rem 2.1. This completes the proof of Theorem 1.2. hAcknowledgements
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